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Mazur's principle gives a criterion under which an irreducible mod I Galois representation arising from 
a classical modular form of level Np (with p prime to N) also arises from a classical modular form of level 
N. We consider the analogous question for Galois representations arising from certain unitary Shimura 
varieties. In particular, we prove an analogue of Mazur's principle for U(2, 1) Shimura varieties. We also 
give a conjectural criterion for a Galois representation arising in the cohomology of a unitary Shimura variety 
whose level subgroup is parahoric at p to also arise in the cohomology of a Shimura variety with "less level 
structure at p" . 
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1 Introduction 

A key result in the theory of classical modular forms was the determination of the optimal level from which 
a given modular mod I representation could arise. A crucial step in this direction was given by Mazur's 
principle, which states: 

Theorem 1.1 (Mazur's Principle ([RilJ, Theorem 6.1)) Let N be an integer, let p be a prime not 
dividing N, and let ~p : Gal(Q/Q) — > GL/2(Fz) be a Galois representation arising from a modular form on 
To(Np). Suppose that: 

• P^l, 

• ~p is absolutely irreducible and unramified at p, and 

• I does not divide p — 1. 

Then ~p arises from a modular form for Tq(N). 

Mazur's principle was an important ingredient in Ribet's proof of his level-lowering theorem |RI1| . More 
recently, Jarvis |Jaj gave a generalization of Mazur's principle to Galois representations attached to Shimura 
curves over totally real fields; Rajaei |Raj has made use of this generalization to extend Ribet's level- lowering 
theorem to this setting as well. 

The analogous problem of determining the optimal levels for mod I representations attached to unitary 
groups remains wide open, and one can ask if there is an analogue to Mazur's principle in this setting. 
Where Mazur's principle starts with a representation arising from a form with To(j>) level structure at p 
and attempts to "remove p" from this level structure, such an analogue should start with a representation 
~p arising in the cohomology of a Shimura variety Xjj associated to a unitary group G and level subgroup 
U, with Up a parahoric subgroup of G(Q P ). Given such a p, an analogue of Mazur's principle should give 
conditions under which p arises from a Shimura variety with "less level structure at p"; i.e., under which p 
arises in the cohomology of some Shimura variety Xu> , with U' a level subgroup that is equal to U at primes 
away from p, but such that U' properly contains U p . 
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Let us be more precise. Let G be a unitary group over Q, such that G(oo) = GU(l,n — 1), and let p 
be a prime such that G(Q P ) = GL n (Q p ). (We will consider a somewhat more general situation in the body 
of the paper; see section [2 for the exact hypotheses.) Up to conjugacy, the parahoric subgroups are those 
subgroups of GL n (Z p ) consisting of matrices which are "block upper triangular" modulo p. In particular if 
io, . . • , i r are positive integers with iq + • • ■ + i r = n, let r^...^ denote the subgroup of GL„(Z p ) consisting 
of matrices which have block form: 

/ Ao * * ... * \ 
A\ * ... * 

\ ... A r J 

modulo p, where Aj an ij by ij matrix. Then the parahoric subgroups of GL„(Q p ) are those subgroups 
conjugate in GL„(Q p ) to some r^,,,^. The smallest of these is the Iwahori subgroup iy...^; the largest is 
r„ = GL„(Z p ). Note that (even up to conjugacy) the set of parahoric subgroups is only partially ordered 
by inclusion. 

Now, given a mod I representation p arising from a Shimura variety Xu, coming from a compact open 
subgroup U of G(Aq) with U p conjugate to r^...^., we can ask for both necessary and sufficient conditions 
under which p arises from level U', where U' is equal to U away from p but U' p is a different parahoric 
subgroup conjugate to some r^, ...,v , containing Ti 0r .„ t i r . 

In section[3]we give a necessary criterion. In particular, we show that if p arises from a level whose p-part 
is ^i ,...,i r , then the monodromy operator N on the restriction of p to a decomposition group at p satisfies 
^yr+i _ q j n p ar ticular p cannot arise from IV with r' < r unless N r is also zero. We then conjecture 
(under suitable hypotheses on p; c.f. Conjecture I5.4|l that the converse also holds, i.e. that if p satisfies 
certain technical conditions, and N r = on p for some r' < r, then p arises from a level U' isomorphic to 
U away from p but conjugate to some IVj,...,*', at p. 

Our main results ( Theorems l5 . 6l and l5 . 7fl establish many cases of this conjecture for n — 3. The techniques 
used are, in spirit at least, close to those used to establish Mazur's principle. In particular, the two key 
tools used in the proof of Mazur's principle are the Deligne-Rapoport model for elliptic curves with Tq(p)- 
level structure and the reduction theory of Jacobians. We study models of the Shimura varieties under 
consideration in section|21 As Jacobians are unavailable for Shimura varieties of dimension greater than one, 
we instead use the Rapoport-Zink weight spectral sequence (RZ2| to compare the cohomology of the Shimura 
varieties under consideration in characteristics and p. This provides a higher-dimensional analogue of the 
reduction theory of Jacobians of curves. 

These results suggest several interesting questions that are beyond the scope of this paper. One can ask, 
for instance, what happens for n > 3. In this case the situation seems much more complicated. In particular, 
the key point in the argument is to show that the weight spectral sequence degenerates at E% when localized 
at the maximal ideal of the Hecke algebra that corresponds to the Galois representation being considered. To 
prove this when n = 3 wc exploit a peculiarity of the geometry in this case. In particular, let U be a subgroup 
of G(Aq) that is conjugate to r^ 2 or IY14 at p, and let U' be equal to U away from p and maximal compact 
at p. Then if Xjj and Xu* are the corresponding Shimura varieties, we show fPropositions l3~3*l and l3~51l that 
the intersection of any two distinct irreducible components of the special fiber at p of Xjj is isomorphic to 
a subvariety of Xjj'- This is crucial in our analysis of the weight spectral sequence attached to Xjj. When 
n is larger than 3, this phenomenon only occurs for a few level structures at p] essentially only those of the 
form ri. n _i or T^-i^ at p. The techniques described here thus apply to these cases as well, but handling 
any other level structure for n > 3 appears to require some additional insight. 

One can also ask, given a representation p, exactly which level structures at p give rise to it. Coniecture l5.4l 
gives a complete answer to this when n = 3 (since the subgroups Ti.2 and IT^i are conjugate and this give 
rise to the same set of representations), but not for any larger n. Giving even a conjectural answer to this 
question would involve a closer study of the reductions of Shimura varieties with these level groups, and the 
implications of this reduction theory for the associated Galois representations. 

Finally, one can ask the same question for p such that G(Q P ) is not isomorphic to GL„. Again, the main 
difficulty seems to be that little is known about the reduction of unitary Shimura varieties with parahoric 
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level structure at such p. 



2 Unitary Shimura Varieties 

We begin with the definition and basic properties of unitary Shimura varieties. 

Fix a totally real field F + , of degree d over Q. Let E be an imaginary quadratic extension of Q, and let 
x be a purely imaginary element of E. Let F be the field EF + . 

Fix a complex square root xc of the rational number x 2 . Then any embedding r : F + — > R induces two 
embeddings p r , q t \ F — ► C, via 

p T (a + bx) = r(a)+T(b)xc 
q T (a + bx) = r(a) — r(b)xc- 

Fix an integer n, and a central simple algebra D over F of F-dimension rt 2 , such that D is either split 
or a division algebra at every place of F. Also fix an involution of the second kind a^a* on D. Let V be 
a free left D-module of rank one, equipped with an alternating, nondegenerate pairing (, } : V x V — > Q. We 
require that 

(aa;,y) = (x,a*y) 

for all a in F. 

Note that D is split at infinity, as F is a CM-ficld. Thus for each real embedding r of F + , D ®p+ T R is 
isomorphic to M„(C). For a suitable choice of idempotent e in D <3p+ tT R, satisfying e = e*, e(V <8>f+,t 
is an n-dimensional complex vector space, on which (, } induces a nondegenerate, Hermitian pairing. We 
let r T (V) and s T (V) denote the number of l's and — l's in the signature of this pairing, respectively; this is 
independent of e and satisfies r T + s T = n. 

We choose a particular real embedding tq of F + , and demand that r To — 1 (so s To — n — 1), and that 
r T = for all t ^ tq (so that s T = n for such r). (This is effectively a condition on the involution ana' 
chosen above.) 

Let G be the algebraic group over Q such that for any Q-algebra R, G(R) is the subgroup of Aut£>(VC5>(Q)-R) 
consisting of all g such that there exists an r in R x with {gx, gy) = r(x, y) for all x and y in V (g><g> i?. The 
discussion in the previous paragraph shows that G(R) is the subgroup of 

II GU(r T ,s T ) 

r:_F+-»R 

consisting of those g for which the "similitude ratio" of g T is the same for each r. 

Now fix a compact open subgroup U of G(Aq'), and consider the Shimura variety associated to G and 
U. This is a smooth variety, defined over the field F, which we denote by [Xu)f- Its dimension is given by 
the formula 

d\Ta(Xu)p = rys T =n—l. 

If U is sufficiently small, this variety can be thought of as a fine moduli space for abelian varieties with 
PEL structures. We assume henceforth that this is the case. (Note that this is not merely a convenience to 
avoid the use of stacks; even in the case of classical modular forms, Mazur's principle does not quite work as 
advertised if one allows arbitrary level structures and considers modular curves that are only coarse moduli 
spaces; c.f. Remark ) 

In order to describe this moduli problem explicitly, we first note that if A is an abelian variety (up to 
isogeny) over an F-scheme S 1 , with an action of D, then the F-vector space Lie(A/S) decomposes as a direct 
sum 

Ue{A/S) = Lie(A/S*)+ © Ue(A/S)-, 

where E C D acts on Lie(A/ S) + via the inclusion E c F and on Lie(A/ S)~ by its complex conjugate. 

The scheme (Xjj)f then represents the functor that associates to an .F-scheme S the set of isomorphism 
classes of triples (A, A, ip) where: 
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1. A is an abelian scheme (up to isogeny) over S of dimension n 2 d, with an action of D, 

2. The space Lie(A/ S) + is a locally free O^-module of rank n, and F + C D acts on Lie(v4/S') + via the 
natural inclusion of F + in F. (Harris and Taylor HT refer to such an action of D on A as compatible.) 

3. A is a polarization of A, such that the Rosati involution associated to A induces the involution a i— > a* 
on D C Endo(A). 

4. t/j is a [/-orbit of isomorphisms V^Aq 5 — » VM., sending the Weil pairing on VCSiAq 5 to a scalar multiple 
of the pairing (, ) on V A. (Here V A denotes the adelic Tate module of A.) 

Fix a prime p split in E, and unramified in such that D is split at all primes of F above p. Choose 
a prime p of F over p, and let p = p fl F +. We wish to study models for (Xjj)p over Of >v , This entails 
some subtleties involving the p-part of the level structure. We more or less follow |TY) . section 2. 

First, we need to make some assumptions on U. We first assume that U = UpU<J>\ where U p is a compact 
open subgroup of G(Q P ) and is a compact open subgroup of G(A^' P ). 

Observe that, since p splits in E, we have 

g(q p ) = q; xJjGL„(F+), 

p'b 

where the product is over the primes p of F + over p. If we fix a maximal order O of D, stable under a a* , 
we can choose this isomorphism in such a way that O ® Z p is identified with the subgroup 

Z p x x IjGL„(0 F+ ,r)- 

p'Ip 

Fix such an isomorphism, and assume that U p is given by the product 

p'Ip 

where each J7p' is a compact open subgroup of GL n {(D F +~i). 
Let io, ■ ■ ■ , V be a sequence of positive integers satisfying 

XI *i = n - 

3 

We let r i0i ... jir denote the subgroup of GL n (Op+ p) consisting of those matrices which are block upper 
triangular of the form: 

/ Ai * * ... * \ 
A2 * ... * 

\ ... A r J 

modulo p, where Aj is an ij by ij matrix for each j. (Thus if r = 0, we have io — n and Ti i T is all of 

Now assume U-p is equal to r^...^ for some io, ■ ■ • , i r , and let {A, A) be a pair over 5 as above. If S is 
an _F-scheme, then giving a [/p-orbit of isomorphisms Tp- — * (T p A)p- is equivalent to giving an O-stable tower 
of subgroup schemes 

= G o cG 1 c---cG r+1 =A[p], 

where Gj+i/Gj is a finite flat group scheme over S of order (#0/p0) lj . 

We thus define a Up— level structure on a suitable (A, A) over an 0F,p-scheme S to be a tower of subgroups 

= Go c d c • ■ ■ c G r+ i = A[p] 

satisfying the conditions 
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1. Gj+i/Gj is a finite flat group scheme of order (#0 /pO) lj for all j, and 

2. The cokernel of the map 

Hl R ((A/G j+1 )/S) - H^ K ((A/Gj)/S) 
induced by the natural map A/Gj — > A/Gj+% is a locally free Os/p £3>e> F O-module of rank ij for all j. 

(The second of these conditions is vacuous in characteristic zero, but is necessary in mixed characteristic to 
prevent the appearance of components contained entirely in the special fiber of the moduli space.) 

Following |T Y| . who only discuss the case where Up = IYi^..,!, we define (Xu)o Fp to be the moduli 
space parametrizing tuples (A, A, ip^', {Vv}j G\, . . . , G r ), where: 

1. A is an abelian scheme over S up to prime-to-p isogeny, with an action of O, such that Op C O acts 
on Lie(A/ S) + via the natural inclusion of Op in Op tP , 

2. A is a prime-to-p polarization, such that the associated Rosati involution induces a <— > a* on O, 

is a [/-orbit of isomorphisms V <S> Aq P — » V P A, where V P A is the prime-to-p adelic Tate module 

of A, 

4. for each prime p' of F over p such that p' ^ p, but p' DOp = pnOp, ipp> is a C/p'-orbit of isomorphisms 
(T p A)pi = Op/ (Note that it is exactly for such p' that such an isomorphism exists.) 

5. Gi, . . . , G r is a C/p-level structure in the above sense. (Our convention is that Go and G r +i are fixed 
and equal to and A[p] respectively, and thus do not need to appear in the moduli data.) 

The generic fiber of this scheme is isomorphic to the base change of (Xu)p to F p . 
We conclude this section by observing that the matrix 

( I i2+ ... +i \ 
911 [pin ) 

satisfies gi 1 Ti lt ... i i r g~ 1 — r^ ...^ ^. If U and U' are compact open subgroups of G(Aq 3 ) of the form consid- 
ered above, isomorphic except at p and satisfying Up — ...^ and Up = 1^...^,,^, then induces an 
isomorphism of {Xu)o F /v w ^ n (Xu')o F /p- This isomorphism takes a tuple (A, A, ip( p \ {Vy}, Gi, ■ ■ ■ , G r ) to 
the tuple {A/{Gi + Gi), A', /o^ (p) , {f°ipp>}, G%jG\, . . . , G r /G\,A[p)/Gi), where Gi denotes the subgroup 
of ^4[p*] that annihilates G\ under the Weil pairing A[p] x ^4[p*] — > fi p . 

3 Reduction of unitary Shimura varieties 

We now discuss the mod p reduction of (Xu)o Fp , for U such that Up — Ti 0i ,„ t i r for some io, . . . ,i r . We 
begin by discussing a local model for {Xu)of«: nrs * constructed by Rapoport-Zink RZ1 . 

For j between and r, let Mj be a free 0i?p-module of rank n, with basis e{, . . . , e J n . Define 

fj ■■ M J+1 - 

b y /j(4 +1 ) =P e i if 

i-i j 

^ iffl ^ — ^ ' *m 
m— rn—0 

and fj(e 3 k ) = e{ +1 otherwise. Also define 

./V : M, -» M r 

by fr( e k) — P e % if As > X)m=o* m an< ^ fr( e k) — e k otherwise. Note that / r o / r _i o ••• o f is equal to 
multiplication by p. 

Let yV( be the O^p-scheme parametrizing families (Vq, ■ ■ ■ , V r ), where: 
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• each Vj is a local direct summand of Mj that is locally free of rank one, 

• fj(Vj) C V j+1 for < j < r - 1, and 

• fr(V r ) C Vq. 

Then Ai is a regular, flat C^p-scheme of relative dimension n — f . Its special fiber is a divisor with 
normal crossings. More precisely, let Aij denote the subscheme of Ai parametrizing those (Vo, . . . ,V r ) for 
which fj(Vj+\) = 0. (Of course, we take Ai r to be the subscheme of Ai for which / r (Vo) = 0.) Then a 
straightforward calculation shows that Aij is a smooth subvariety of the special fiber of Ai, and that this 
special fiber is simply the union of the subvarieties Aij. 

Following Rapoport-Zink, we will show that Ai is a local model for (Xu)o F p ■ Let the universal object for 

{Xu)o F ,p be {A A univ , ip ip) , {ipp>}, Qi, ■ ■ ■ , Qr)- Set Aj = A/Qj, and let fa denote the natural map Aj — > »4j+i 
for each j . 

Fix an idempotent e in (D p such that e — e* and such that e(0 p ) is a free (Df\ p -module of rank n. Also 
define, for any Op.p-scheme S, and any O ®% Oi?-module N, the submodule iV to be the largest submodule 
of N on which Of C O acts via the natural map i : Of — > Cs- 

Then we can define the scheme to be the (X[/)o F p -scheme that represents the functor taking an 
(Xjj)o f >p scheme 6* : S — > (^c/)of iP to the set of diagrams: 

eH^ K (6*Ao/S) t- <(JMi/S) ^ ... ^ e^ R («M r+1 /S)„ ^ e^ R («M /5)„ 

(M )s - (Mx) s ^ ... t (M )s 

where the vertical arrows are isomorphisms and the leftmost and rightmost vertical arrow "coincide" . 

We have an obvious map of Xjj to (Xu)o Fv - We also have a map of Xu to A4, which associates to 
any 9 : S — > (X[/)o F)1 and any diagram as above the tuple ((Vo)s ; • • • , {Vr)s), where Vj corresponds to the 
subbundle eLie(0* Aj / S)* of eH^ R (6*Aj/S) p under the given identification of eH^ R (B*Aj / S) p with (Mj)s- 
The methods of Rapoport-Zink then show that 

(Xu) OF , p ^Xu^M 

is a local model diagram; i.e., that both maps are smooth of the same dimension. 

In particular M is a local model for (Xu)o F , 9 > so (Xu)o F , p is regular and flat over CV,p, and its special 
fiber {Xu)o F /p is a divisor with normal crossings. 

Definition 3.1 Let {Xjj)j denote the subscheme of {Xu) 0f / p on which 

<t>, : Ue{A 3 /S) -» Lie(^ j+ i/5) 

is t/ie zero map. 

The base change of {Xjj)j to coincides with the base change of Aij to Xjj. It follows that Aij is a 
local model for (Xu)j for all j; i.e., that the (Xjj)j are smooth CV/p-schemes of dimension n — 1. Their 
union is the special fiber of {Xjj)o F f . 

Our goal is to study the global geometry of the schemes {Xjj)j for various U . In general this is quite 
complicated, so we will consider only a few special cases here. Fix a U such that Up = r„; i.e., is maximal 
compact. Let Ui tn -i be the subgroup of U such that (J7i,n-i)p = ^i, n -i and U is isomorphic to U\ tn -i 
"away from p". Then (Xu)q f / p is smooth, whereas (Xu l n _ 1 )o F / p breaks up into two pieces, {Xu l n _ 1 )o 
and (X Ul n _ 1 )i. 

Understanding these pieces will require an analysis of the p-torsion of the moduli objects for {Xu)q f i p . 
We approach this by Dieudonne theory. In particular, let k be an algebraically closed field of characteristic p, 
and let (A, A, tp^ , {Vy}) be a fc-point of [Xu)q f / p . Let D p A denote the contravariant Dieudonne module 
of A[p°°]. It is a free VF(fc)-modulc of rank n 2 d Pl where d p is the residue class degree of p over p. It is 
equipped with the following extra structures: 
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• a c-linear endomorphism F : D p A — > -Dp A, where cr is the Witt vector Frobenius on W(k), 

• a c-antilinear endomorphism V : D p A — ► £> p A, such that = = p, and 

• an action of O ®z W(k), induced by the action of O on A, that commutes with F and V. 

The map Specfc — » (^xOof,, corresponding to the point (A, A, {Vy }) yields a map Specfc — > 
SpecO^.p, and hence a map Op — > fc. This in turn induces a map t : Of — > W(F P ). For z in Z/d p Z let 
(DpA)j denote the submodule of £> p A on which Of C acts via cr 1 /, : O^ — > W(F P ). (Here cr is the Witt 
vector Frobenius.) Then D p A breaks up as the direct sum of (D p A)i for i € Z/ei p Z. Each (D p A)i has rank 
rt 2 over W(fe), and comes equipped with an action of 0<g)0 F W'(fe). The latter is isomorphic to GL n (W(k)). 

Note that the semilincarity properties of F and V imply that they induce maps 

F : (D p A) t - (D p A)i+i 
y : (D P i4)i+i -» (Dp^), 

for all i. 

Let Z? p A denote D p A/pD p A. Then (see for instance |Od| ) . we have an isomorphism H^, R (A/k) p = 
D p A. Moreover, the submodule VD p A corresponds under this isomorphism to the submodule Lie(^4/fc) p of 
H^, R (A/k)p. Since (by our definition of the moduli problem) Of acts on Lie(^4/fc) p via the natural map 
Op — > k, it follows that VD p A lies in (D p A) . Moreover, it has dimension n as a k- vector space. Thus the 
maps 

V : (D p A) i+1 -» (D p A)i 

are zero for i ^ 0, and the map 

V : (^pA)i -» (D P A) 

has an n-dimensional image. 

On the other hand, the kernel of F on D P A is equal to the image of V. Thus the maps 

F : (D p A)i -> CD p A)i+i 

are isomorphisms for i 7^ 0, and the map 

V : (D 9 A) -» 

has an n 2 — n-dimensional image. 

Consider the endomorphism F df of the Dieudonne module D p A. It induces a map 

(D P A) (^ p A)o 

whose image has dimension n 2 — n. The kernel of this map is V({D p A)\). Since both of these are stable 
under O, either the kernel is contained in the image or intersects it trivially. In the former case F ldp (D p A)q 
has dimension n 2 — n for all i > 1; in the latter case F 2dp (D p A)q has dimension n 2 — In. Once again, this 
space will either contain the kernel of F dp or meet it trivially. 

Proceeding in this fashion, we see that there is a unique h between and n — 1, such that F' ldv (D p A)o has 
dimension nh for all i >n — h. It follows that, in the language of jHTj . Chapter II, e^4[p°°] is a Barsotti-Tate 
Oi?-module of etale height h. Following HT , we set (Xy)^ 1 ' to be the locus of points in (Xu)of/p with this 
property, and let (Xjj)^ h ' denote its closure. Harris and Taylor show (Corollary III. 4. 4 of |HTj 1 that (Xjj)^ 
is smooth of pure dimension h. 

Let (D p A) et denote the submodule F n ~ h (D p A) of D P A. It is the largest Dieudonne submodule of D P A 
on which F is an isomorphism. Let (DpA)"" 111 be the submodule 

{x 6 D P A : Si : F z x = 0} 

of (DpA). The above analysis shows that we have a decomposition 

D P A = (D P A)°°™® (D p Ay\ 

With these facts established, we may now show: 
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Proposition 3.2 The natural map 



P^!7i,„_i)e> P /ti (Xu)o F /p 
induces an isomorphism of (Xjj 1 n _ 1 )o loii/i (Alj/)^^. 

Proof. This natural map is clearly proper, so it suffices to show that it is a bijection on F p -points and 
tangent spaces. Let x — (A,\,ip( p \{ippi},Gi) be an F p -point of (Xu 1 „_i)o- Take A\ = A/Gi, and let tfio 
be the natural map A — > A\. 

Since x lies in (Xjj-l „_i)oi fto induces the zero map Lie(Ai)* — » Lic(yl)*. In the language of Dieudonne 
theory, this means that <f> maps VD V A\ into pD p A. Since V is injective on the Dieudonne module of a 
p-divisible group, this means that (j) maps D V A\ into FDpA. 

Condition (2) in the definition of [/p- level structure, and the isomorphism between D p A and H^ )I{ (A)p, 
together imply that the subspace </>o(-Dp^i)i of (D p A) i has dimension n 2 — n. Since this image is contained 
in F(DpA)i_i, we find in particular that <^o(D p ^4i)i is contained in F(D V A) ; since both have dimension 
n 2 — n, the two must be equal. But since 4>v{DpAi) is a Dieudonne submodule of D p A, it follows that 
(f>o(D p Ai)i contains F 1 (D p A)q for all i > 1. When 1 < i < d p , both of these spaces have dimension n 2 — n, 
so 4>o(D p Ai)i equals F l (D p A) for 1 < i < d p . 

Thus cf)o(DpAi) (and hence G\) is uniquely determined given A. Conversely, for a point (A, A, ip^ p \ {i/v}) 
of {Xu)o F ,p(^p), the submodule M of D V A defined by 

M i = F i (D p A) ,l<i<dp 

fits into an exact sequence 

-> Mi -> i^pA -> C -> 

of Dieudonne modules. Then C is the Dieudonne module of some group G\, and the surjection of D p A onto 
C induces an injection of G\ into A, and hence determines a point of (Xjj 1 „_ 1 )o- 

Thus the map from (Xjj 1 n _ 1 ) to (Xu)o Fp is a bijection on F p -points. We now show it is a bijection 
on tangent spaces. Note that a first order deformation of the datum (A, A, tp™ 1 ) , {-0 p /}, G\) is equivalent to a 
first order deformation of the datum (A, A, ip(p), {ipp<}, Ai,(j> : A — ► A\). 

By a result of Grothendieck |Cr| . a first-order deformation of A is equivalent to a lift of the subspace 
Lie(A)* of iJp R (A) to a direct summand of the fc[e]/e 2 -module Jf c 1 ria (A) fc [ e ]/ e 2 . Such a deformation will be 
compatible with A if this direct summand is isotropic with respect to the natural pairing: 

H\ s (A) k[e]/e i x H\ s (A) kWf2 - k[e]/e 2 

induced by A, and hence is uniquely determined by a lift of (Lie(A)*) + to iJf rt8 (A)^r , , 2 . This lift must also 
be compatible with the action of 0. 

To give a deformation of (A, Ai,0o '■ A ^ A\) lifting a deformation as above, we must give a lift of 
Lie(Ai)* to -ff c 1 ria (Ai) / ! £ [ e ]/ e 2 , compatible with the action of O, such that the map 4>q induces on crystalline 
cohomology maps this lift into the given lift of Lie(A)* . This deformation will be contained in (Xjj 1 n _ x )o 
if (and only if) 0o induces the zero map on the given lift of (Lie(Ai)*) + . Since ker0o C A[p], 4>o 1S an 
isomorphism on the minus part of the crystalline cohomology, so we can restrict our attention to (Lie(Ai)*) + . 
A lift of this space must have dimension n, and must be contained in (7f c 1 ris ( J 4i)fc[ e ]/ e 2)o. On the other hand, 
the cokernel (and hence also the kernel) of the map -ffp R (Ai)o — > H^ )I{ (A)o, has dimension n. Thus the 
kernel of the map (i? c 1 ris (^4i)fc[ e ]/ e 2)o — ► {Hl tis {-^)k[e\/ e 2 )o is f ree of rank n, and since the lift of (Lie(Ai)*) + 
must be contained in this kernel, the two are equal. 

Thus, for any tangent vector to a point on {Xu)q p /p, there is at most one tangent vector of (Xu 1 n _ x )o 
lifting it. In particular the map from (Xu 1 „_ 1 )o to {Xtj)q f /p is injective on tangent spaces, and since the 
former and latter are smooth of the same dimension, it is an isomorphism on tangent spaces as required. □ 

We turn next to the geometry of [Xy 1 which is somewhat more complicated. First note that the 

map 
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has degree p d*_l ■ Since {Xjj)o F /p is a divisor of {Xu)o FlP , an d its pullback to {Xu ln _ 1 )o F . p is simply 
{Xu^-^Op/p, the map 

(^!7i,„-i)o F /p (Xu)o F /p 
has degree p d*Z\ as weu - ^ n n S nt °^ tnc preceding proposition, this means that the map 

P0/i, n _i)i {Xu)o F /p 

has degree 

nd p _ i (n-l)dp _ i 
- - 1 = -. 

The following proposition gives the structure of this map: 

Proposition 3.3 The map {Xu ln _ 1 )i — » (X(/) 0f ,^ is i/ie composition of a finite, purely inseparable mor- 
phism (Xjj l n _ 1 )i —> {Xu 1 „_i)i° P of degree p dp with a finite, separable morphism (Xu 1 „_i)i° P ~~ * (Xu)o F /p °f 
degree p pdp J^ -1 . TTie /atter morphism is etale over (Xu) < - n ~ 1 \ Moreover, the preimage o/(X[/)[™ _2 l under 
this morphism contains {X Ul n _ 1 ) PI (-X't/i,„-i)ij ^ e induced map: 

(Xu^oniXu^^iXu)^ 

is an isomorphism. 

Over (Xu)( n ~ 2 \ the map (-X't/i,„_i)i ep - * (Xu)o f /p « s unbranched along the intersection of (X Ul n _ 1 )o H 
(^!7i !n _i)i wzi/i </ie preimage of {Xu)^ n ~ 2 \ and branched to order p dp elsewhere. 

Proof. Let x = (A, A, p, V^ p \ {Vv}> ^i) De a fc-point of (-X't/i, n _i )i- Let x denote the image of x in (Xu)o F /p- 
Let Ax and A 2 denote AjG\ and A/A[p], and 0o and <Pi denote the natural maps A — > Ai and Ai — > A 2 , 
respectively. We know, by the moduli interpretation of {Xjj 1 ^_ 1 )i 1 that <px induces the zero map from 
Lie(A 2 )* to Lie(Ai)*. In terms of Dieudonne theory, this means that (pi maps VD p Ai into pD p A\. On the 
other hand, <fii o </> identifies D p A 2 with pD p A. Thus (po(DpAi) contains VD p A. Conversely, if M is any 
O-stable Dieudonne submodulc of D p A that contains VD p A and such that the quotient D p A/M is a free 
0<g) fc-module of rank 1, then M determines a unique subgroup Gi of A[p] such that the map A/G\ — > A/A[p\ 
induces the zero map on the Lie algebras, and hence a unique point of (Xu 1 n _ x )i over x. 

Now suppose we have such an M, and assume that x lies in (JQ/)^" -1 ). In this case D p A breaks up as 
a direct sum D P A = (D p A) conn (D p A) 6t , where (D p A)- onn has dimension n for all i. Let M denote the 
projection of M to D p A; since M contains pD p A it is clear that M determines M. 

Since M contains VD p A, M contains (Z? p A) onn . Thus, under the projection of D p A to (D p AY\ M 
gets sent to a submodule of rank n 2 — 2n of (D p A)q. But for 1 < i < dp — 1, F dp ~* induces an isomorphism 
of Mi with Mo, and hence Mi gets sent to a submodule of rank n 2 — 2n of (D p A)f. A dimension count 
shows that Mi therefore contains (D p A) c i °'" 1 for all i. In particular M is the preimage of a unique O-stable 
submodule M * of (£) p A) a , with dimM°* = n 2 — 2n for all i, and any such submodule determines a unique 
M. _ 

Moreover, M determines, and is uniquely determined by, the submodule eM of e(D p A)° t . The latter is 
the Dieudonne module of the constant group scheme (Op/p)™" 1 , and e(D p A) 6t /eM is the Dieudonne module 
of (Of/p). Thus points of (Xu ltn _ 1 )i over x correspond to subgroups of (Of/p)™ _1 , isomorphic to Of/P, 

and there are p< pdp^ 1 of these. It follows that the map {Xu l n _ 1 )i — ► {Xu)o F /p lii tnc composition of a 

purely inseparable map of degree p dp with a separable map of degree p< pdf 'J^" 1 that is etale over (A^y)'™ -1 ). 

Now suppose that x lies in (Xu)^ n ^ 2 \ We again have a decomposition 

D P A = (D p AY onn ® (D p A) 6t , 
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but now e(D p A) 6t is the Dieudonne module of the constant group scheme (Of /p) n ~ 2 ■ The space e(Z? p A) conn 
is 2d p -dimensional, and F acts nilpotcntly on it with a one dimensional-kernel. Thus in particular e(D p ^4) conn 
has exactly one Dieudonne submodule of any given dimension between zero and 2d p . 

Let M * be the image of M in (D p A) &t . The dimension of eM-' is either n — 2 for alH, or n — 3 for all i; 
in the latter case eM contains e(D p A) conn ; in the former case the intersection of eM with e(D p Ay° na is the 
unique Dieudonne submodule of e(D p ^4) conn of dimension d p , and M is uniquely determined. In the latter 
case M is determined by the choice of eM , which is equivalent to the choice of a subgroup of (0f/p)™~ 2 
isomorphic to (Of/P)- 

Hence over any geometric point of (Xu) n ~ 2 , there are 

{n-2)d v _ y 

1 + ^~d i— 

P"t> — 1 

geometric points of (Xjj ln _ 1 ) 1 . In order to understand the branching along these points, let S be the 
spectrum of a discrete valuation ring R, and let (A, A, tp^ , {Vy }) be an S'-point of (Xu) 0f / p , whose generic 
point maps into (X[/)( n_1 ) and whose closed point maps into (XjjY n ^ 2 \ Let if be the algebraic closure of 
its field of fractions, and let k be the algebraic closure of its residue field. Then eAx[p] fit is isomorphic to 
(0 F /p) n ~ 1 -, whereas eA k [p] 6t is isomorphic to (O f /p)"~ 2 . 

There are p pdp if-points of (Xu)i lying over Specif — > (Xu) OF / p , corresponding to the subgroups 

of e J 4/f[p]' 3t isomorphic to Of/P- Under the specialization map eAi<-[p] — ■> eA/Jp], p dp such subgroups 
specialize to any given subgroup of e^4fc[p] isomorphic to Of/P- The remaining subgroup specializes to a 
connected subgroup of eAk [p] . 

Thus, along the preimagc of (X(/)' n_2 ', the separable part of the map (Xu 1 n — ► (Xu) OF / p is un- 
branched at those points corresponding to subgroups Gi that are connected, and branched to order p df 
elsewhere. On the other hand, if G\ is connected, then the map A — > A/G\ is zero on some part of Lie(^4) + . 
The latter has no proper O-stable subspaces, so this map must be zero on all of Lie(yl) + . Thus such Gi 
determine points that lie on (Xu l n _ 1 ) as well as (Xu ln _ 1 )\. Conversely, it is easy to check that the image 
of (JT(/)[™ -2 ] in (Xu l n _ 1 ) under the inverse of the natural isomorphism of (Xu l n _ 1 ) with (Xu) 0f / p is 
precisely the intersection (Xu l n _ 1 ) n (Xu ln _ 1 )\. □ 

Remark 3.4 Note that the isomorphism g\ : (Xjj 1 n _ 1 )o Fp — (Xu n -i i)o F „ identifies (X^ n _ 1 )o with 
(Xu n l Ji, and (Xjj 1 n _ 1 ) 1 with (Xjj n _ 1 A ) . Thus we obtain results about the structure of Xjj n l l as well. 

We will also need to understand the case in which n = 3, and the level structure at p comes from the 
Iwahori subgroup IYi^. Let ?7i,i,i denote the subgroup of G(Aq) that is isomorphic to Ti^i at p and to 
U at all other places. Then {Xu 1AA )o F , P parametrizes tuples (A,\,ip( p \{ip p i},Gi,G2)- Its fiber over Of/P 
breaks up into three components (Xjj 1 n )o, {Xui n )i and (Xjj 1 11 )2. These components parametrize the 
loci where the maps A — > A/G\, AjG\ — > A/G2 and A/G2 — > ^M[p] (respectively) induce the zero map on 
the positive parts of the appropriate Lie algebras. 

The variety (X Ul l l ) admits a map to (X Ul 2 ) by forgetting G 2 , and a map to (X U21 ) by forgetting 
G\. The resulting map 

Jo — > {X Ul 2 ) Q X(x u ) OF/!t (Xu 2 ,i)o 

is clearly proper and injective on S- valued points for any S. It is therefore a closed immersion. But (Xjj 1 2 )o 
is isomorphic to (Xjj)q f / p , so the above product is simply (Xjj 2 A . We thus have a closed immersion of 
(Xu 111 ) into {Xu 21 ) Q . On the other hand, if (A, A, ip^ p \ {Vy}j G2) is an F p -point of (Xu 21 ) lying over 
(Xu)^, then we have an exact sequence 

-> G 2 onn -> G 2 -> G$ -> 0, 

and it is easy to see (using the above Dieduonne theory calculations) that (A, A, ip^ p \ {ip p >}, G 2 onn , G 2 ) is a 
point of (-X"i/i, 1,1)0 mapping to x. Thus the natural map {Xu 111 ) — > (X(/ 2 Jo is an isomorphism. It follows 
that (^[/i,i,i)o is isomorphic to (X^ 2 )i. 
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The automorphism gi of (Xu 1 1 p cyclically permutes (Xjj 11 j)o, (Xjj 1 1 t )x, and (X^ t x )2- Thus the 
latter two components are isomorphic to (Xjj 1 2 )i as well. 

Finally, we turn to the question of the intersections {Xu 111 ) i n {Xu 1Atl )i' for in {0, 1,2}. Note that 
the map 

(^fi,i,i)o F /p ~~ * (Xu li2 )o F /p 

induces a map 

i x u 1AA )o n (X UlA1 )i -> (X^ Jo n (Xt/ li2 )i. 

that is a bijection on points. Since the map (Xjj 1 u )i -» (Xu t 2 )i is an isomorphism, this induced map is as 
well. Thus (X(j 1 1 j)q PI (Xu 1 t x )i is naturally isomorphic to (XjjY K The action of g\ allows us to deduce 
this for the other pairwise intersections as well. 
To summarize: 

Proposition 3.5 The three components (Xjj 1 11 )o, (Xjj 1 and (Xjj 1 l x )2 are all isomorphic to {Xjj 1 2 )i- 
Their pairwise intersections are isomorphic to (Xjj)^. 

4 Galois representations 

Henceforth, we assume that there is some place of F at which D is division algebra. It is easily seen that 
this implies that {Xu)o F ,p is proper over Of,p- This avoids complications due to endoscopy, allowing us to 
apply results from |HT| , and will later allow us to apply the weight spectral sequence to the cohomology of 
this variety. 

Fix a compact open subgroup U of G, let (Xu)-p be the base change of {Xjj)p to F, and let denote 
the Z/-subalgebra of End(iJ™^ 1 ((X[/)pr, Q;)) generated by the Hecke operators at primes that split in E, are 
unramified in F, and do not divide the level of U . It is a finite, flat, commutative Z;-algebra. Moreover, since 
the Hecke operators in Tjj commute with their adjoints with respect to Poincare duality on H n ~ 1 ((Xu)-p, Q;), 

contains no nonzero nilpotent elements. Let m be a minimal prime of Tu- Then rh determines, for each 
prime q that splits in E and does not divide the level of U, an unramified representation TTf n ,q of G(Q g ), 

Let X-p denote the ind-scheme obtained by taking the limit of (Xjj)p- over all U. The localization 
H2- 1 ((X U ) F -, Q;)m is S iven by a direct sum 

^H n -\X T , QOlTtf, 

7T 

where [w] denotes the (w) 00 -isotypic component and where the sum is taken over those tt such that 

1. tt has a [/-fixed vector, 

2. iTqo is cohomological for the trivial representation of G(A^), and 

3. TT q = TTm.q for all q that split in E, are unramified in F, and do not divide the level of U. 

This set can be characterized in terms of a near equivalence class of automorphic representations, in the 
sense of |TY| . We are indebted to Richard Taylor for the following argument, which establishes this: 

Proposition 4.1 For eachir satisfying conditions (l)-(3), there is a Galois representation : Gal(F/F) — > 
GL„(Q;) whose restriction to a decomposition group at almost all q corresponds to TT q via the Local Langlands 
Correspondence. Moreover, if is irreducible then H" t ~ 1 (X F - 1 Q l )[Tr] is isomorphic (up to semisimplification) 
to some number of copies of p w ', where V n is a representation space for it. 

Proof. This is |TY| . Lemma 3.1, in the case where BC(7r) = (ip,U) with JL(n) cuspidal, in the notation 
of | HT| . VI.2. 
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In general, JL(II) is a representation of the form 

n'ffln'|det|ffl---ffln'|detr _1 

for some s dividing n and some cuspidal automorphic representation II' of GLn.(Ap). Since JL(II) satisfies 
JL(n) v = JL(n) c , we must have (II') V = (n') c | det I*" 1 . 

Fix a character ip : Ap/F x — > C x with ipip c = \ ■ |. We can take ip to be the identity at each archimedean 
place of F. Then (ip o det)II' is a cuspidal automorphic representation of GL«(A^) whose dual equals 
its complex conjugate. Moreover, the representation JL(II) 00 has the same infinitesimal character as an 
algebraic representation; it follows that 11^ (and hence ((ip o det)n')oo) do as well. By |HT| . VII. 1.9 we 
can associate a Galois representation P(^ dct)w to (ip o det)II'. Taking direct sums of suitable twists of this 
representation yields the desired representation for tt. □ 

Let tt and tt' be two representations satisfying the above conditions. Then for q not dividing the level of 
U , unframificd in F, and split in E, the representations p^ and p n i agree when restricted to a decomposition 
group at q. A straightforward Cebotarev argument then shows that the two representations are equal. It 
follows that tt and tt' agree "almost everywhere"; i.e. they are nearly equivalent in the sense of |TY) . Thus 
rh determines a near equivalence class of automorphic representations. Moreover, the representation 
actually depends only on the near equivalence class of tt, or equivalently, the ideal rh. We henceforth denote 
this representation by p„ % . 

If m is a maximal ideal lying over rh, we also have a reduced representation ~p m : Gal(-F / F) — » GL n (TV /m) 
via 'reduction mod m\ It is well-defined up to semisimplification. 

If rh' is another minimal prime of TV contained in m, then p^i will also have the reduced representation 
~p m . Note that if ~p m is absolutely irreducible, then p^' will be irreducible as well, and so must appear in the 
cohomology of Xrj. 

Assume ~p m is absolutely irreducible, and for each rh' contained in m, let V m i be a representation space 
for p 7 %i. The product over all m' of the Vm< is then an n-dimensional representation of G&\(F/F) with 
coefficients in 

rh' 

Moreover, when considered as a (lV) m <g) Zi Qj- representation, we have a set of primes of F of density 1 such 
that the characteristic polynomial of Frobenius at such primes has coefficients in (Tjj) m . It follows that this 
representation is defined over (TV) m ; i.e., that we have a representation p m : G&\(F/F) — * GL„((T[/) m ), 
such that 

Pm ( 8>(T[ / ) m (Ta)m' = Pm' 

for all rh' contained in m. 

The upshot is the following, which can be viewed as a result on "congruences" for automorphic forms on 
unitary Shimura varieties: 

Corollary 4.2 Let U' be a subgroup containing U , and suppose that m descends to a maximal ideal o/T;// via 
the natural surjection Tjj — > Tjji . Suppose further that ~p m is absolutely irreducible. Then the representation 
p~ m "arises from level U' ", in the sense that there is a miminal prime rh' of Tu' such that p m is the reduced 
representation associated to p m i . 

Proof. Since Tjj 1 has no Z-torsion, there is a minimal prime rh' of Tjj> above m. Then pm> is obtained from 
Pm by tensoring with (Tu)m'- Since every Jordan-Holder constituent of p m is isomorphic to ~p m , the result 
follows immediately. □ 

5 The weight spectral sequence 

We turn to the study of the representations pf n defined in the previous section at a decomposition group over 
p, in the case where Up is one of the parahoric subgroups r^... ^ considered in section [21 and the residue 
characteristic I of rh is prime to p. The key is the weight spectral sequence of Rapoport-Zink. 
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Theorem 5.1 (Rapoport-Zink) ///jj Let x be 

a proper scheme over Of,p with strictly semistable 
reduction at p; that is, a regular scheme with smooth general fiber whose special fiber Y is a divisor with 
normal crossings. For each i, let Y"W denote the disjoint union of all i + 1-fold intersections of distinct 
irreducible components of Y . Then there is a spectral sequence 

= ® l > m a* ( o,- P )Hr 2 \Y^ +2l \U-i)) - Hf+oiX^Zt). 

Modulo torsion, this spectral sequence degenerates at E2. Moreover if N : E\ A — * E^ +2,q ^ 2 (— 1) denotes the 
endomorphism of this spectral sequence that is the identity on all summands that appear in both E^ q and 
E{ +2 ^ 2 {-\) and zero elsewhere, then N abuts to the monodromy operator on Hf t +q (X— , Z;). 

The local models constructed in section imply that when Up = rj 0i ... ; j r , the scheme {Xjj)q Fv has 
strictly semistable reduction at p. Moreover, the nonzero terms of the weight spectral sequence occur in the 
range —r < p < r. We thus have: 

Theorem 5.2 The monodromy operator N satisfies N r+1 = on H? t ~ 1 ((Xu)j;^ 1 Qi). In particular, if rh is 

a minimal prime of U satisfying the hyopotheses of section^ then N r+1 is zero on a representation space 
for p A . 

This has consequences for when a mod m Galois representation arising from Xjj can arise from a group 
with lower level at p; i.e. can arise in the cohomology of {X' v )-p^ for some U' containing U and isomorphic 
to U away from p, but with Up = for some r' < r. In particular, a representation p m cannot arise 

from such a U' unless N r is zero on a representation space for p m . A natural question to ask is, "to what 
extent is the converse true?" 

We will give several results and conjectures along these lines, but it is first necessary to introduce some 
additional terminology. Let T unlv be the "universal" algebra generated by the Hecke operators at primes q 
that split in E and do not divide the level of U. There is a natural surjection T univ — > Tjj which allows us 
to consider a maximal ideal m of T u as a maximal ideal of T un,v . 

Definition 5.3 A maximal ideal m ofTjj is pseudo-Eisenstein if either: 

• H? t ~ 1 ((Xu)j; ,Z/)^ r is nonzero, or 

• Hl t ((Xjj)j; , Z;) m is nonzero for some i not equal to n — 1. 

Note that for modular curves, the first of these conditions is vacuous, while the second condition implies 
that pseudo-Eisenstein m are actually Eisenstein, as the Hecke action on H° and H 2 of a modular curve 
factors through the Eisenstein ideal. Pseudo-Eisensteinness thus serves as an analogue of the Eisenstein 
condition for unitary Shimura varieties. 

The notion of pseudo-Eisensteinness depends on U, but note that if m is pseudo-Eisenstein for U, it is 
automatically pseudo-Eisenstein for any U' contained in U. 

Conjecture 5.4 Suppose that m is not pseudo-Eisenstein, that the residue characteristic I of m is different 
from p, and that N r vanishes on a representation space for ~p m . Then there is a U' containing U and 
isomorphic to U away from p, but with Up = r^, for some r' < r, such that ~p m arises from level U' . 

Remark 5.5 The pseudo-Eisenstein condition is a bit cumbersome to verify in practice. One might hope for 
a statement along the lines of ( ~p m absolutely irreducible implies m is not pseudo-Eisenstein' but unfortunately 
this seems quite difficult to prove. Following work of Mokrane and Tilouine |MT| . we give a stronger condition 
on ~p m that guarantees m is not pseudo-Eisenstein in the Appendix. 

Now let n — 3 and fix a compact open U as in section [21 and assume that Up is maximal compact, that 
is, equal to T 3 . We denote by U\^ (resp. t/2,1 and J7i,i,i) the subgroups that are equal to U away from p 
and that satisfy (Ui^)p = ^1,2, etc. 
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Theorem 5.6 Let m be a maximal ideal ofTjj 1 2 (or fu 2 1) that is not pseudo-Eisenstein and such that ~p m 
is absolutely irreducible. Suppose that ~p m is unramified at p; i.e., that N — on a representation space for 
~p m , and that p m (Frob p ) has distinct eigenvalues. Then ~p m arises from level U . 

Theorem 5.7 Let m be a maximal ideal offui 1 1 that is not pseudo-Eisenstein and such that ~p m is abso- 
lutely irreducible. Suppose that N 2 — on a representation space for~p m , and that I does not divide p 2dp — 1. 
Then ~p m arises from level Tlx,i (or, equivalently, from level Ui.\-) 



6 Proof of the main theorems 

We will now use a more detailed analysis of the weight spectral sequence to prove Theorems 15.61 and 15 . 71 

First consider Theorem 15.61 Let to be a maximal ideal of f.xj x 2 , and assume that to is not pseudo- 
Eisenstein, ~p m is absolutely irreducible, and ~p m is unramified at p. 

We wish to show that if p m (Frob p ) has distinct eigenvalues, then ~p m arises as a Jordan-holder consituent 
of Zi). In fact, it suffices to show that iJ™ -1 ((X;y)-p, Z/) m is nonzero. For this space is 

non-torsion (since to is not pseudo-Eisenstein), and therefore to descends to a maximal ideal of Tjj. By 
Corollary 14. 21 ~p m then arises from level U . 

Assume that H™~ 1 ((Xu)j; 1 Z;) m = 0. We will show that p m (Frob p ) has a multiple eigenvalue. Consider 
the weight spectral sequence for Xjj x 2 , localized at to. It has the following form: 



1))™ 


-> H i (((X Ul i2 )o)f p 


%l)m € 


B^ 4 (((jri/ lia )i)F, 


Z;) m 








-> H 3 (((X Ux>2 ) ) fp 


Zj)m € 


Bfl a (((^ Ill )i)F, 










-> H 2 (((X Ul2 ) ) fj> 


Z/)m € 




Z;) m - 








H (((X Ul>2 )o)f p 


Z;) m £ 




Z;) m - 








H°(((X Uia ) ) fp 




B£r°(((Xi, lia )i) F , 


Z;) m - 







The three left-hand maps are Gysin maps; the three right-hand maps are restrictions. Note that since 
(Xjj 1 2 )o is isomorphic to (Xu)o F /pt an d -^(7 has good reduction at p, H l (((Xu 1 3 )o)j ,Z;) m is isomorphic 
to H l ((Xu)-p ,Z;) m and is therefore zero because of our assumptions on m. 



Lemma 6.1 The Gysin maps 



w{{x v )f,u-i))i 



all 



ish. 



Proof. To shorten notation, let X, X, and Y denote the schemes ((Xu 1 2 )i)f , {Xu)f , and (Xjj)^\ 
respectively. We will show that the composition of the Gysin map: 



with the natural map: 



is equal to p dp times the Gysin map: 



ff*(y,z,(-i)) -^h 1+2 (x,z 



W + \X,Z{)^W + \X,Zi) 



ff*(y,z,(-i)) ^H l+2 (x,Zi) 



The result follows immediately since the cohomology of X is isomorphic to the cohomology of (Xjj)j^ (as 
the latter has good reduction at p) and hence by assumption the cohomology of X vanishes after localizing 
at to. 
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Let i denote the inclusion of Y in X (as the intersection of (Xu 12 )o with (Xu 12 )i), and let i denote 
the inclusion of Y in X. Let j be the natural map X — > X. Then the Gysin maps under consideration 
are induced by the isomorphisms R 2 r(Zi) x = Z;(— l)y and R 2 i'(Zi) x — Zj(— l)y, where (Z;) x , (Z;)x, and 
(Z;(— l))y arc constant sheaves on X, X, and Y, respectively. The assertion of the previous paragraph thus 
amounts to the assertion that in the commutative diagram: 

R 2 i\li)x - R 2 Vj*{Zi) x 

I I 
Z,(-l)y - Z,(-l) y 

the bottom arrow is multiplication by p d * . This assertion is etale local in nature, and can be verified 
generically on Y. 

Let x be a point of Y outside {Xu)^\ Then in an etale neighborhood of i(x), the map X — > X looks 
like the composition of a purely inseparable morphism of degree p d " with an etale map X — > X. Moreover, 
the map X — > X induces an isomorphism of i(Y) with i(Y). Since X, X, and Y are all smooth, this means 
that in an etale neighborhood of i(x), the map X — > X looks like the map A| — > A| that raises the second 

coordinate to the p dp th power. 

It thus suffices to show that the map this induces 

^(A| p ,Z ; )-^ p (A| p) Z0 

is multiplication by p d,r . (Here A 1 is considered as the subscheme of A 2 consisting of points with second 
coordinate zero.) But the long exact sequence for cohomology with support identifies this with the map 

tf\(A 2 \ A 1 )^) - ^((A 2 \ A 1 )^) 

induced by raising the second coordinate to the p dp th power; this map is clearly multiplication by p df . □ 
It follows that the maps in the left-hand column of the weight spectral sequence for Xjj 12 vanish after 
localization at m. By Poincarc duality it follows that the right-hand maps all have torsion image, but since 
every cohomology group appearing in the right-hand column is torsion-free, the right-hand maps vanish as 
well. Thus the E 2 terms of the spectral sequence are the same as the E\ terms. Moreover, the weight 
spectral sequence degenerates at E2 modulo torsion, and the only remaining nonzero boundary maps map 
into cohomology groups that are torsion-free. Thus, after localization at m, the weight spectral sequence is 
already degenerate at E\. 

On the other hand, this spectral sequence abuts to H p+q ((Xu 1 2 )-p , Zj) m , which is zero except in degree 
2. It follows that all terms of the above spectral sequence vanish except in cohomological degree 2. We 
obtain a filtration of H 2 ((Xu 12 )p^,Zi) m whose successive quotients are E}^ 1 = H 1 ({Xu)^\'Li) rn , E^ = 

H 2 (((Xu 12 )i)f^,Zi) mi and S" 1 ' 3 = Z;(— l)) m . Up to a Tate twist, the monodromy operator 

induces an isomorphism of E^ 1 ' 3 with E^ 1 , and is zero on the remaining quotients. 

Remark 6.2 Note that the above argument in fact shows that every m in the support of H l ((Xu)^\Zi) 
is cither pseudo-Eisenstein, or in the support of H 2 {(Xu 12 )-p ,Zj). Similarly, every m in the support of 
H l (((X Ul , 2 )i)f p , Z;) is either pseudo-Eisenstein or in the support of H 2 {{Xu 1 , 2 )f , Z;). 

Remark 6.3 A key step in the classical proof of Mazur's principle for modular curves is showing that 
the maximal ideal m under consideration is not in the support of the component group of the Jacobian of 
the modular curve. After tensoring with Zj, we can think of this component group as the cokernel of the 
monodromy operator N (considered as a map from the highest weight quotient of the middle cohomology 
of the modular curve to the lowest weight submodule of this cohomology.) The claim that the component 
group vanishes when localized at m is thus equivalent to the claim that this N is surjective. The fact that 
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in our setting the monodromy operator induces an isomorphism of E^ 3 with E 1 ^ 1 after localizing at to is 
therefore an analogue of this statement. 

Note that even in the classical case, this "Eisensteinness of the component group" need not hold if the 
modular curve under consideration is not a fine moduli space (see for instance |Ri2| .') Thus our requirement 
that U be "sufficiently small" is more than just a technical convenience. 

Now consider the representation p m . Since ~p m does not arise from level U, each prime to of Tu 2 ,i 
contained in to corresponds to a near equivalence class of automorphic representations n m that have no 
tZ-fixed vectors. It follows by the compatibility of local and global Langlands that all such p m are ramified 
at p. If Vm is a representation space for then V m is a three-dimensional (Tf/ 2 x ^-vector space, equipped 
with a nonzero operator A such that A 2 — 0. The successive quotients of the monodromy filtration on V m 
are therefore the one dimensional spaces imiV, ker A/ imA, and A/ ker A. 

It therefore follows that if V m is a representation space for p m , then imiV, ker A/ im A, and N/kerN 
are free (Tj/j 2 ) m - modules of rank one, and therefore p m (Frobp) acts on them via scalars 03, a.2, and oi, 
respectively. (The subscripts correspond to the weights of the Frobenius action.) Therefore Frobp must act 
on the successive quotients E^ 1 E^ and -E^, 1 ' 3 of the monodromy filtration on H 2 ((Xjj 1 2 )y , Z/) TO by the 

same scalars 03,02,011. As we have seen, these quotients are H 1 ((Xu)^}\ Z;) m , H 2 (((Xu 1:2 )i)f iZ/) m , and 
H 1 ((Xu)W , Z,(-l))m, respectively. 

Now since p m is unramified at p, A is zero on H 2 ((Xu 1 t2 )-p , Z;) m modulo to. It follows that E 1 ^ 1 is 
contained in mH 2 ((X Ul t2 )p p , Z/) OT . In particular the quotient M of H 2 ((X Ul2 )p^,Zi) m by E^ 1 surjects 
onto H 2 ((X Ul 2 ) Tp ,Zi) m ®T Ul2 T[/ 1i2 /to. 

But the latter is a direct sum of copies of a representation space Vp m for p TO . In particular 03, 02, and 
oi all appear (modulo to) as eigenvalues of Frobenius on this space. On the other hand M has a two step 
filtration such that Frobp acts via 02 and 03 on the two successive quotients. Thus oi must be congruent 
to either 02 or 03 modulo to. But 03, 02, and ol\ reduce modulo m to the eigenvalues of p m (Frob p ). and so 
~p m has a multiple eigenvalue. We have thus proved Theorem 15. 01 

We now turn to Theorem 15.71 Take to to be a maximal ideal of Tjjj 1 1 , and assume that to is not 
pseudo-Eisenstein, ~p m is absolutely irreducible, and N 2 = on a representation space for p m . 

As before, it suffices to show that either H 2 ((Xu 1 2 )-p ,Zi) m is nonzero or that I divides p 2dp — 1. We 
assume that H 2 ( ( Xjj 1 2 )-p , Zj) m vanishes, and will show that this implies that I divides p 2dp — 1. 

This assumption, together with Remark 16. 21 shows that after localizing at m, the only nonzero terms in 
the weight spectral sequence for Xjj 1 ± t are 

E x 2A = H\{Xu)f p ,U~1)) m , 

E ^ =H\{Xv)f v M-l)U 
Efg=H°{(X u ^,Z l ) m . 

The operator N 2 identifies E X 2A with £^°(-2). 

On the other hand, if to is a prime of 1 l containing to, then by our assumtpion to corresponds to a 
near equivalence class of representations with a [/^i.i-fixed vector but no U± t 2 or C/2.i-fixed vectors. Taylor- 
Yoshida show |TYj that for such representations, the mondromy operator on a representation space for p tm 
satisfies N 2 ^ 0. In particular N has rank two, and the successive quotients on the monodromy filtration 
on a representation space for p m are im A 2 , im N/ im A 2 , and A/ im A. 

It follows as in the previous case that Frobp acts on E^' 4 , £^ 2 , and E 2 ^ by scalars 04, 02, and oo in 
(Tfjj 1 i)m- Moreover, since these spaces are simply Tate twists of one another, we have 

04 = p d7I ot2 = p 2dl ' OLQ. 
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Now the argument proceeds exactly as in the previous case. We have that 

E^ 3 C mH ((X UllA )p f ,Zi) m , 

so that if M is the quotient H 2 ((Xu 1 1 t ^ , Z/) m /E^° ', then M/mM contains a copy of p m . Thus ao must 
be congruent to either ol^ or modulo m. This can only happen if p 2dir is congruent to one modulo the 
residue characteristic / of m, as was to be proven. 

7 Appendix: A criterion for non-pseudo-Eisensteinness 

Since the non-pseudo-Eisenstein condition of section [S] is cumbersome, it would be useful to give conditions 
that imply it, but are more concrete and easier to verify in practice. Here, we give one such criterion, which 
is a GL„ analogue of Theorem 1 of |MT| (which deals with Siegel modular varieties). The argument here 
is a straightforward adaptation of that given in MT; we reproduce it here mainly for self-containedness, 
and also to point out the (slight) changes necessary for the GL ra case. Note that since we only work with 
constant coefficient-sheaves, the complicated technical machinery of Bernstein-Gelfand-Gelfand complexes 
employed by Mokrane and Tilouinc is not needed here. 

Consider a (fixed) unitary Shimura variety Xjj 1 of the form we have been considering, and let m be a 
maximal ideal of Tjj, of residue characteristic I > 5. We impose the following conditions on the mod m 
representation p rn : 

Ordinarity- There is a prime [ of Op above I, such that the restriction of p to a decomposition group at [ 
has the form: 

x n ~ 2 ■■■ * 

3 

V ... 1) 

where \ denotes the mod I cyclotomic character. We require that the characters x^X 1 ; ■ ■ ■ >X n induce 
distinct maps /[ — > F* , where /[ is the inertia group at t. 

Large Image- There exists a split and reductive (but not necessarily connected) subgroup H of GL„, and a 
subfield k' of Tu/m such that: 

• H contains a maximal torus T of GL„, 

• H contains a subgroup W of the Weyl group of T that acts transitively on the weights of the standard 
representation of GL„, 

• the image of the inertia group /[ under p m is contained in H°(k') (here H° is the connected component 
of the identity in H), and 

• the image of ~p m contains the subgroup H(k')dct of H(k') consisting of those elements of H(k') whose 
determinant is in the image of detp m . 

Remark 7.1 The "Large Image" condition appearing here (and its analogue in |MT| ) really says that the 
image of ~p m is "large relative to the image of it" . In particular, when n — 3, if the image of /[ s not contained 
in the fc'-points of any maximal torus T of GL n , then the only possible choice for H is H = GL3. On the 
other hand, if the image of 7[ is contained in T(fc') for some T and k', one can take H to be the semidirect 
product of T with any suitable W. 

Under these assumptions, we find: 
Theorem 7.2 The maximal ideal m is not pseudo-Eisenstein; in particular: 

• H?- 1 ((X u ) T ,Z l )% = 0, and 
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Hi((Xu) T , Zt) m =Ofori^n-l. 



To prove this, we follow |MT| . sections 7.1 and 7.2. We begin by studying representations of subgroups 
H of the sort arising in the "Large Image" condition. Fix an H, T, W' and k' as described in that condition. 

We follow the notation in |MT| quite closely. We let X denote the character group of T, let ^ h° denote 
the roots of H°, and '5 denote the roots of GL„. Denote by ^j^o the subspace of those A in X such that 
(A,/3 V ) = for all /3 in ^h°, where /3 V is the coroot associated to (3. Choose a set of positive roots $ + for 
GL n ; the corresponding Borel subgroup determines a Borel subgroup for H° as well, and hence a set 
of positive roots for H°. Let A#o denote the set of positive simple roots for H°. 

Let T(fc')(jet be the subgroup of T(k') consisting of those elements whose determinant is in the image of 
detp m . We have a map 

X^Hom(T(fc')dct,(fc') X ) 

whose kernel is the sublattice 

{q' - 1)X + e ■ Z • det, 

where q' is the order of k' and e is the index of the image of detp m in k' . Let ^jj denote the space 
(q — l) v I / ^o + e • Z • det; that is, the intersection of \I/^ with this kernel. 
Let Xn,q' denote the set 

{(v,a) e X/^jj : < (v,f3 v ) < q' - 1V/3 6 A^o}. 

By Steinberg's theorem, (c.f. |MT| . p. 52), the irreducible representations of ff°(fc')dct, as an abstract group, 
are classified by elements of Xn.q' ■ In particular, if V is the irreducible algebraic representation of H° with 
highest weight fi, and fi is an element of Xjj q i (when considered modulo ^io) then Vf-> is an irreducible 
representation of iJ°(fc')d c t as an abstract group, and this representation depends only on the class of /i 
modulo ^^o. 

Lemma 7.3 (c.f. \MTf . Lemma 12) Let n be a dominant weight of H° , and V the irreducible algebraic 
representation of \x with highest weight [i. Suppose that: 

• Vk> is an irreducible representation of H a (k')d e t, 

• when considered as a map T(k')det —> (k') x , /i is equal to the highest weight of the standard represen- 
tation of G, and 

• every weight of V coincides with some weight of the standard representation of G when both are con- 
sidered as maps T(fc')d c t - * (k') x ■ 



Then Vk> coincides with the "standard representation" of i?°(fc')d t/ *-e-, ^ is equal to the highest weight of 



the standard representation modulo 



Proof. Let w denote the highest weight of the standard representation. By hypothesis, /i — wE (q' — 1)X + 
e ■ Z • det. It thus suffices to show that \x — w also lies in ^^o, as then it must lie in "J^o as required. 

Observe that for any positive simple root a of H° we must have (w,a) G { — 1,0,1}. Moreover, by our 
assumptions we have < (fi, a) < q' — 1 and q' — 1 must divide (w — fi, a) for all a. 

If (w, a) = 1, these observations immediately imply that (/z, a) is also equal to 1. 

On the other hand, if (w, a) = 0, a priori wc could have (/i, a) — or (/i, a) = q' — 1. In the latter case, 
however, the a-string of fi would have length q' — 1, and so /x — a is also a weight of V. Thus there is a weight 
w' of the standard representation that coincides with pi — a when considered as a map T(k'),i t — ► (k') x . We 
then have (w' , a) 6 { — 1, 0, 1}, and q' — 1 divides (w 1 — (fi — a), a). On the other hand, {fx — a, a) = q' — 3, 
so this is only possible if q' — 1 divides 1, 2, or 3. This cannot occur since q' is a power of /. 

If (ui, a) — —1, then (/x, a) — q' — 2. Thus fj, — a is a weight of V. By the same argument as above, we 
find that in this case q' — 1 must divide 2, 3, or 4, and none of these can occur. Thus (w, a) is never equal 
to -1. □ 
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Corollary 7.4 Let V be a nonzero Tjj /m-vector space with an action of Gal(F / F) -module, and suppose 
that for each a € Gal(F/F), P a {o") annihilates V , where P a is the characteristic polynomial ofp m (o~). Then 
V has a subquotient on which I[ acts via ~p m . 

Proof. Let V denote the preimage under ~p m of _ff°(fc')d c t in Gal(F / F) , and observe that T' contains /[ by 
our "Large Image" assumption. Let T" denote the kernel of the map V — > H°(k')d e t induced by p m . Then 
r" is a nilpotent p-group, so without loss of generality (replacing V with the r"-invariants of V, which are 
necessarily nontrivial) we can assume V is fixed by V" . Thus we can view V as a -ff°(fc')dct-module, by 
identifying H°{k') dct with T'/T". 

Any irreducible ff°(fc')d c t-constituent of V arises (as above) from an irreducible ^-representation U M 
with some highest weight \x. On the other hand, by our characteristic polynomial assumption, the only maps 
TX^Odct — > (k') x appearing in the decomposition of V into irreducible T(fc')d c t- m odules are the characters 
of the standard representation of GL„. Thus for every weight of there is a character of the standard 
representation that induces the same map T(fc')d c t — * (^') x - Moreover, since W acts on V, and acts 
transitively on the weights of the standard representation, we can assume (replacing /i with fi y for a suitable 
y £ W) that fi induces the same map T(fc')d c t - ► (^') x as the highest weight of the standard representation 
of GL„. It then follows from the previous lemma that Vj?, is the "standard representation" of H°(k')dct, and 
is an irreducible constituent of V. 

But this means precisely that V acts on V^i via ~p m . In particular /[ acts via p m , as desired. □ 

Theorem l7.2l now follows easily. As in |MTj it suffices to show that Hl t ((Xjj)-p, F/) m vanishes for i < n — 1. 
Such a cohomology group is annihilated by P a {o) for all a in G&\(F/F). The preceding corollary thus shows 
that, if nonzero, it contains a subquotient on which /[ acts via p m ; by ordinarity it would follow that 
Hl t ((Xu)-p, F/) m had at least n distinct Hodge- Tate weights. But the etale-DeRham comparison theorem 
shows that the Hodge filtration on Hl t ((Xu)-p, F/) has length i + l, and, as i + 1 < n, Hl t ((Xu)jt, F;) m must 
vanish as required. 
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